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Governing Equations and Numerical Schemes
In the following, the nonlinear quasi 1D Euler equations are described in conservative form first, which is followed by numerical schemes, numerical results and conclusions.
Governing Equations
The quasi 1-D Euler equations in conservative form are expressed as
and fl = u2 (3) f2 = (7-1)u3 + (3-7)(n2)2/(2ul) (4) As a preliminary, let
The Jacobian matrix F, which is formed by
Because f,,,,m = 1,2,3 are homogeneous functions of degree one in ul, u2, and u3, we have
Consider a nonuniform mesh shown in Fig.  1 , in which the solid circles are the grid points and crosses are the solution points. Assume the spatial coordiimte of the grid points be x d with j = 0, 1/2, 1, 3/2, 2, 5/2. Generally, the grid point j is not the centroid of the line formed by grid points j + 1/2 and j -1/2. Let x_ denote the spatial coordinate of the solution points. Define
x'_ = (xj_,/2 + z_+_/2)/2 (12) for interior mesh points, while x} = xj for boundary points.
The definitions of the conservation element(CE) and solution element(SE) at a grid point j are the same as those for 1D uniform mesh in [1] . The flow marching variables are computed at the solution points, while the grid points are used to construct CEs and SEs. For later use, we define
The Quasi 1D Euler a Scheme
For any (x,t) C SE(j,n),
and f_m(X,t) are approximated by u_ (x,t;j,n) ,
respectively. They f;n (x, t; j, n), and _* will be defined shortly. Let 
Because hm = (fro, urn), we also assume that
Note that, by their definitions:
are functions of (urn)y, m = 1,2, 3; (ii) (fm.)_ are // n functions of (um)_ and ( m_)j, m = 1,2,3; and U n (iii) (fmt)y are functions of ( m)j and (umt)j, m = 1,2,3.
Moreover, we assume that, for any (x, t) E SE(j, n), and for m = 1,2,3, Since (9,,)j '_ is also a function of _tu,,:j,_" m = 1,2,3, n ,/ n thus (umt)y is a function of (u,,)j and (*,n,)j • From this result and the facts stated following Eq. (22), one concludes that, for each rn = 1,2, 3, there are only two independent discrete variables, i.e., (m)j (u,,,_)y, associated with the mesh point (j, n).
Further, the flux h-',*,, is conserved over CE+(j, n),
i.e., fS(CE_(j,n)) and
where S(CE+(j,n)) denotes the boundary of CE+(j,n). Note that Eqs. (25) and (26) 
With the above preparations, a new set of 3 × 3 matrices will be defined at each mesh point (j,n).
To simplify notation, we will strip from all 3 × 3 matrices involved, their indices j and n. Define
where I is tile 3x3 identity matrix.
Note that, with the aid of Eqs. be shown that (12) (15) Eqs. (37) and (38), one concludes that 
Further, we can define 
Then Eq. (39) can be rewritten as
With assumption that [(E+2)}'] -' exists, we can have
Note that (ft,)2 can be computed in the similar way using Eq. 
The acoustic wave, with angular frequency w = 0.6_r, is described as 
At the inlet, the non-reflecting boundary condition is enforced by setting +'/2 u n , ,.+,/2 Ill order to reduce the number of grid points, a 401 point nonuniform mesh that cluster near tile throat is used. The ratio of the largest to smallest mesh interval is around 10 with Axmi_ = 0.0047. The vari-" and 3j _ described in Eq. (52), and constant able ej a = 0 are used in tile computation.
The obtained acoustic pressure at t = 20T with CFL = 0.9084 is shown in Fig.  6 which is hearly similar to that obtained using an 801 point uniform mesh in the domain of -10 < x < 10. Further improvement can be made in the future by reducing tile numerical dissipations or using a more stretched mesh. Its convergence to the time-period solution is shown in Fig. 7 .
Under the same computational conditions and mesh, the corresponding solution obtained using e = 10 -a is plotted in Fig. 8 showing skewness upstream of the throat.
It can be concluded that the amplitude of the acoustic wave should be small enough to avoid the nonlinearity when a nonlinear scheme is used to obtain the linear solution.
In the present computation using a nonlinear solver, the steady-state solutions converge to 10 7 and e = 10 -4 is used.
For the linear solver, the amplitude of the acoustic wave is set to 1 and the steady-state solution obtained by using the nonlinear solver is used in the computation.
All the three uniform meshes used for the nonlinear solver described above are tested with the linear solver. The linear solutions are very similar to the nonlinear solutions. The solution obtained using an 801 point uniform mesh ill the domain of -10 < x < 10 is shown in Fig. 9 as an example. The nonlinear solution is slightly better than the linear solution under the same computational conditions.
Shock-Sound Interaction
In this problem, the same nozzle geometry from the previous problem is used, but here there is a supersonic shock downstream of the throat. All quantities are non-dimensionalized using the upstream values.
The Math mlmber at the inlet, Mo_, is 0.2006533 and the back pressure, P_ck, is 0.6071752.
Following the same steps described in the first problem, the steady-state nozzle flowfield is computed and used as the initial condition for tile sound-shock interaction simulation. The acoustic wave is described as
where c and w have the same values as that in the first problem. At the inlet, the time-marching variables are specified using Eqs. (56)-(58), while at the outlet, for rn = 1, 2, 3, ( m)y = = 0 (61) are used as the non-reflecting boundary conditions.
Uniform meshes with 101 and 201 grid points are used for this problem. The steady-state solution obtained using a 101 point uniform mesh is shown in Fig. 10 and compared with the analytical solution It can be seen that the solution obtained on a 101 point uniform mesh is ve_" close to the analytical solution and that obtained on a 201 point uniform mesh appears to graphically match the analytical solution.
A very solid convergence to the time-period solution is demonstrated in Fig. 12 for the coarse mesh. Further, the acoustic pressure at. the outlet in one time period is plotted in Fig. 13 along with the analytical solution showing an excellent agreement. The linear solution is ahnost identical to the nonlinear solution which is shown in Fig. 14 for a 101 
